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I .  INTRODUCTION 


The  aim  of  this  paper  is  to  study  the  convergence  of  the  random  quadratic  forms 
of  the  form 

<»•»  $  V'A 

where  (f^)»  j,k=l,2,3, . . . ,  is  a  real  infinite  matrix  and  (M^),  j=l,2,...,  is  a 
sequence  of  i.i.d.  p-stable  random  variables  with  characteristic  function  exp(-|t|p), 
0<p<2.  Our  results  have  obvious  implications  in  the  theory  of  double  Wiener-type 
integrals  of  the  form 

//  f(x,y)M(dx)M(dy) 

where  M(x)  is  a  p-stable  motion  (cf.  Szulga  and  Woyczynski  (1983)).  We  shall  study 
them  elsewhere. 

We  begin  with  a  characterization  of  non-anticipating  sequences  (V^)  such  that 
the  "martingale"  transform 

T  -i  \\ 

converges  almost  surely.  The  necessary  and  sufficient  condition  here  turns  out  to 
be  1  lvjJP<0°  a*s.,  and  moreover  T  converges  a.s.  exactly  on  the  set  (£|VjJp<°°) 
(Theorem  2.1).  This  applied  to  the  sequence 
k-1 


*  I  fjkMj 
1«1  3 


j 

shows  that  the  convergence  of  the  off-diagonal  part  of  the  iterated  sum 

1%  W 

is  equivalent  to  the  matrix  operator  (f^)!<k  being  e^-radonifying  from  into 
fp  (Theorems  2.2  and  3.1). 

T 

Finally  we  characterize  the  class  of  0p-radonifying  operators  (f^)  from 
lq  into  fp  as  satisfying  the  condition 


4 


pi 


1 


3 


a 


? 


l  {(I  I^J^1  +  I  lo8  IlfiklPl^ 

k  j  JK  j  3K 


(Corollary  2.2).  The  proof  of  necessity  of  this  condition  was  shown  to  us  by  Gilles 


Pisier  and  is  included  here  with  his  permission. 


The  above  results  permit  the  full  characterization  of  all  matrices  (fjk)  for 


which  the  quadratic  form  (1.1)  converges  a.s.  (Theorem  4.2).  We  would  also  like  to 


mention  here  that  the  infinite  quadratic  forms  satisfy  a  fairly  general  0-1  law 


(cf.  de  Acosta  (1976)). 


Our  results  should  be  compared  with  the  case  where  the  M. 's  are  i.i.d. 


Gaussian,  i.e.  when  p  =  2.  In  this  case  Varberg  (1966)  has  shown  that  the  conver- 


2 

gence  of  the  series  ^  f^  and  f^  is  necessary  and  sufficient  for  the  quadra¬ 


tic  mean  convergence  of  (1.1),  and  the  above  conditions  imply  a.s.  convergence  of 


(1.1)  as  well.  Moreover  Lemma  3.7  of  Rosinski  and  Szulga  (1983)  in  conjunction 


with  Kahana's  (1968)  inequality  shows  that  the  conditions  are  also  necessary  for 


a.s.  convergence  of  the  Gaussian  quadratic  form. 


In  Section  5  we  include  some  auxiliary  results  and  a  conjecture  of  indepen¬ 


dent  interest. 


1  .  « \  • V «  r  -  .  ‘ 


-  ‘ -Sv-vrS^y 


2.  MARTINGALF  TRANSFORMS  AND  CONVERGENCE  OF  STABLE  TRIANGULAR  QUADRATIC  FORMS 


THEOREM  2.1.  Let  VR  MR  )  ,  k=2,3,. 

of  random  variables.  Then  almost  surely 

{)  V^M^  converges}  =  {)  . 


. ,  be  a  non-anticipating  sequence 


! 


a 


vl| 


? 


Proof:  Let  F^  =  o(Mj , . . . ,  M^) ,  and 

G(x)  =  P{  jMj  |  >x)  ~cx'P  , 

as  x+°°,  c>0.  Also  let  us  set 

A  =  {£  V^M^  converges}, 

b  =  { y  i  vk  i p  <  -} 


c„-{|VnMnl  >1}  ,  n=2,3 . 


Then  we  have  that 


Ac{Cn  i.o.}C  =  (5;  P(CntFn  l)  <»}  a.s. 

where  the  equality  is  implied  by  a  conditional  form  of  a  Borel-Cantelli  lemma 
(cf.  Breiman  (1968),  p.  96).  Since 

we  get  that  G(|Vn|-1)->0  a.s.  on  A  as  n-*-00.  Therefore,  for  sufficiently  large  N=N(u>), 


Ilvnip*§  l  Gdvnl"1) <o° 

n=N  n  c  n=N  " 
a.s.  on  A.  This  shows  that  P(A\B)  *0. 

Now  we  shall  prove  that  P(B\A)  *0.  Let  tt  =  it  (•,<*))  be  a  regular  conditional 

n  n 

distribution  of  V  M  given  F  , .  We  have  that 
n  n  6  n-1 

VE’W>  sP(VnMne  E'M1 . VP  swp(Vn1(u>)E) 

where  up  is  the  distribution  of  Mj .  By  a  theorem  of  Hill  (1982),  £  Vn(u))Mn(<jo) 
converges  for  almost  all  ut’s  for  which  the  series  JTx^  converges  in  probability 


.  •  A*.  A*«*.  ■*  •"**'*"-  ■*r.  •*- 


2.2 


P’,  where  {X^(uj')}  is  a  sequence  of  independent  r.v.'s  (defined  on  another  proba¬ 
bility  space  (Q',P'))  with  distributions  {tt  (•,&)).  In  our  case  the  X^'s  have 

n  n 

characteristic  functions  exp(-|Vn(w) jptp) .  Thus  P(B\A)  =0  which  completes  the 
proof  of  the  theorem.  ft 

Theorem  2.1.  enables  us  to  translate  the  problem  of  a.s.  convergence  of  quadratic 
forms  into  a  more  tractable  problem  of  the  a.s.  convergence  of  series  of  independent 
random  vectors  with  values  in  ft,  whose  standard  basis  is  denoted  by  (e^) ,  k=l,2 . 

THEOREM  2.2.  Let  (f.^:l  s  j  £k-l,  k  s  2)  be  a  triangular  matrix  of  real  numbers,  and 
0  ^ 

x.  =  (0,...,  O.fj  j+1,fj  s4=j+lfjkek*  j»1.2, . . .  .  Then 

®  k-1 

y  ( y  f..M.)M. 
k=2  3k  3  ^ 

converges  a.s.  if  and  only  if  for  every  j=l,2, . . . ,  x^  e  ft  and  the  vector  random 
series  £  x^M^  converges  a.s.  in  ft. 

V  —1 

Proof:  Setting  ^  =  Ijlj  *JkMj’  **2,3,...,  ■  0,  by  Theorem  2.1  we  have  that 

the  series  J  converges  a.s.  if  and  only  if  y|vk|p<°°  a.s.,  which  is  equivalent 

to  the  a.s.  convergence  in  ft  of  the  series  £  e^V^ 

Now  assume  that  S  *  Je^V^  converges  a.s.  in  ft.  Since 

n+1  n  n+1 

I  ek^k  *  £  (  I  ^ikek^i  ’ 
k=l  K  K  j=l  k=j+l  3"  K  3 

Proposition  5.1  applied  to  xjn  *  ^jkek’  an<*  Yj  =  Mj »  giyes  that 

x.  ->x.  =  Jr  .  ,  f..e.  *.  ft  as  n-*-00,  and  that  the  series  y  x.M.  converges  a.s.  in  ft. 
jn  j  /k=j+l  jk  k  ’  L  j  j  6 

Conversely,  assume  that  x^.  f^e^  e  ft  and  y  xJI^  converges  a.s.  in  ft. 

The  operator 

OO 

(P3X  +  Rn(x)=  l  <x  ,ev>ek  e  ft  ,  p>0  , 


k=n+2 


is  continuous  and  linear  and  Rn(x)->'0  in  ft  for  every  x  as  n-*-®.  Thus  a.s. 


2.3 


n  oo 


0 » R"(^V 


Hence, 


n  oo 

I  (  l  f.ke  )M  ^0 
j*=l  k=n+2  JK  K  J 


n  oo 


a.s.  in  tP  as  n  +  oo,  and  thus 

n+1  n 

l  vkek=  I  x.M  -  l  (  y  f..e.)M. 

k-l  k  k  j.l  i  >  j‘l  k4i.2  )k  k  J 

converges  a.s.  in  tP . 


□ 


.*■,  ✓,  ■*,  . 
*»**•  *V**  t'V1 


VV*  f 


3.  CONVERGENCE  OF  p-STABLE  RANDOM  SERIES  IN  £P 

AND  0  -RADONIFYING  OPERATORS 
P 

Definition  3.1.  Let  0<p<2  and  F  be  a  continuous  linear  operator  F:s-*.£p, 
where  s  is  the  space  of  sequences  with  finite  support  for  0<  ps  1  and  s  =£q, 
l/q  +  l/p  =  l,  for  1  <  p  <  2.  We  shall  write  F  *  (f  ^k)  where  f^  =  <Fe^  ,ek>,  j,k»l,2,..., 

so  that  Fe..  «  ^  ^ .  We  say  that  F  is>  in  the  class  £plog£(£p)  if  for  each 

j=l,2, ...,  Fe^  e£P  and  the  £p-valued  sequence  (Fe^)  is  in  £plog-t.  In  other  words, 

F  e  Hplog-t(£p)  if  and  only  if 

N(F)«X  |K  ||Pil  +  |log||Fe  ||  p|) 
j  J  P  J  P 

ml  <(Z  l^klp)(l  ♦  |log  l  |fjklp|)}<®  . 

3  k  k 

One  can  introduce  on  tP\ogl{XP)  anOrlicztype  norm  in  the  natural  fashion. 


THEOREM 


3.1.  Let  0<p<2  and  f  tp,  j=l,2, ...  .  Then  lx  M. 


converges  a.e.  in  tP  if  and  only  if  FT  ■  (f  jk)T  e  £plog£(£p)  . 

T 

Proof:  Sufficiency.  Assume  F  €  iplog£(^p) .  We  shall  prove  that  the  assumptions 
of  Proposition  5.2  are  fulfilled  for  the  series  with  general  term  ■  |^f^kM^|p, 
which  has  the  same  distribution  as  |f jklP) |Mj |p.  Indeed, 

l  P(Wk>l)=  I  P(|M  |  >  (J  |f  |V1/p)sConst  H  \fik\V<co 
k  K  k  1  j  JK  jk  3k 

since,  by  assumption,  Ik£jlfjklP<0°  and  Ij  |fjklP-*,0  as  k_>'00*  Therefore  (5.1)  of 

Proposition  5.2  is  satisfied. 


B-J  E{WkI(Wksl)}-^(^|fjk|P)E{|M1|PI(|M1|  S(^|fjk|p)'1/p)}. 
k  k  j  j 

Denoting  the  distribution  function  of  ^lj|  by  4>,  we  get  that  for  a>  1 
Jjj|u|pd$(u)  s  1  ♦ap$(cO  -♦(!)  -  JjPUP‘Vu)du 


s  1  ♦  ctp$(a)  -  4»(1)  -  J^puP'^l  -  (C/uP))du 


since  <Hu)  *1  -P(|Mj|  >u)  >1-Cu~p  for  ual  and  certain  constant  C.  Thus  because 
«p($(«)  -  1)  remains  bounded 

/^|u|pd$(u)  s  Const  (1  +  logo) . 


It  follows  that 

B  5  Const  ll  !fjk!P(l  +  |lo«I  lfjklPl)  <" 

^  j  J 

so  that  Condition  (5.2)  of  Proposition  5.2  is  also  satisfied  and  as  a  result 

f jkMj I P < 00  a*s*  It:  follows  that  f jkM^)e^  converges  a.s.  in  £P  and  in 

view  of  Xj  f^e^  €^P'  we  have  ^at  XjMj  conver8es  a.s.  in 

Necessity.  (The  basic  idea  here  is  due  to  Pisier)  .  Assume  that  £  xJl^  =  ]  (Fe^)M^ 
converges  in  l  a.s.  By  the  representation  for  stable  processes  obtained  in  Proposition! 
1.5  of  Marcus  and  Pisier  (1983)  and  used  here  in  the  discrete  paramater  case  (in  the 
case  of  lsp<2,  Corollary  3  of  LePage,  Woodroofe  and  Zinn  (1981)  would  suffice)  )  con¬ 
verges  in  tP  a.s.  if* and  only  if  \  converges  a.s.  in  tP ,  where  (f arc 

independent  Bernoulli  r.v.'s,  (Y..)  are  i.i.d.  r.  elements  in  tP  with  law 


L(Y^)  *  Const 


5*  K  ll  \/ n 


and  I\  «  Xj  +  . . .  ♦  Xk  where  Xj.X^..  are  i.i.d.  with  P(Xj  >u)  «  e’u.  Moreover  the 
sequences  (e^) ,(Y..) ,(I\)  are  independent  of  each  other.  By  the  law  of  large  numbers, 
ryj  -*>1  a.s.  Applying  twice  Fubini’s  theorem  and  the  comparison  principle  in  quasi- 
normed  spaces  obtained  in  Theorem  4.4  of  Marcus  and  Woyczynski  (1979),  we  get  that 
the  series  £  x^M^  converges  in  tP  a.s.  if  and  only  if  \  e^Y^j-1^p  does.  What  is 
useftil  about  the  latter  series  is  that  it  possesses  all  moments  in  contrast  to  the 
former. 


3.3 


Therefore  for  0<p<2,  and  Xj=Fe..,  j=l,2,.... 


«  >  E|!Ij_1/pe  Y  ||P=  l  E|j:  j"1/pe  Y  |p 
j  J  J  p  k  j  J  J 


(2.2)  2:  Const  l  Efi  j_2/PYj^)p/2 


k  j 


>  Const  l  E(supj"1/p|Y  |)P 
k  j 


by  Khintchine's  inequality  (Y^  =  (Y^  ,Y^2> . . .))  . 


If  C  denotes  the  class  of  all  stopping  times,  then  for  all  k. 


E|sup  r1/pYjk|P>sup  ET_1|YTk|P>  Const  E(|Y11f|Plog|Ylfc  |) 
T  £  C 


lk1 


lk1 


by  Chow,  Robbins  §  Siegmund  (1971),  p.  97  ,  where  the  last  constant  can  be  chosen 
greater  than  0  (uniformly  in  k) ,  since  in  our  case 


L(Y.k) -Const  1  '^iHp^WllFe.IlP 


Therefore 


E(|Ylk)lPlo«|Ylk|)  -I  J^Llo,  •  llF.il! 


iif.,h;  '  iiFei  iip 


so  that  finally  we  get  from  (2.2)  that 


ft. 


I  I  |fjtlp  log, 


k  j 


l  lfjkl 


which  certainly  implies  that  FT  e  £plog£ (£p)  . 


COROLLARY  3.1.  Let  |fjk|P<«>.  Then  llkf  jkf\  lP  <  00  a.e.  if  and  only  if 

Jj((^|fjk|P)(1*|l°*Jk|£jk|Pl))<"- 


Now  let  1  <  ps  2  and  let  9p  be  a  cylindrical  measure  on  1/p  +  1/a  =  1, 


generated  by  the  sequence  M»(Mi),  i*l,2,...  .  The  characteristic  functional  of 


0„  is  given  by  the  formula 
P 


r  i<x  y>  “Ni;  p 

lt q  •  ,y  Vdy)‘e  -  Xf*P  • 


3.4 


Definition  3.2.  Let  E  be  a  Banach  space.  A  linear  operator  F:£q-*-E  is  called 
O^-radonifying  if  exp(- ||  F*y*  ||p) ,  y*  f  E*,  is  the  characteristic  functional  of  a 
Radon  measure  on  F.  We  denote  by  Rp(fq,E)  the  class  of  all  such  operators. 

2 

The  class  R2(£  »E)  has  been  extensively  studied.  The  main  result  is  that 
Tl2(^,E)  “R^-T^.E)  if  and  only  if  E  is  of  cotype  2  (cf.  Linde  and  Pietsch  (1974)), 
where  IT  denotes  the  ideal  of  all  p-absolutely  summing  operators.  For  l<p<2 
it  has  been  proved  that  if  1  <  r  <  p  then  I^f-f^.E)  c  Rp(£q,E) ,  and  that 
Hp(£q,E)  c  Rp(tq,E)  if  and  only  if  E  is  isomorphic  to  subspace  of  LP  and  is  of 
stable  type  p  (cf.  Linde,  Mandrekar,  Weron  (1980),  and  Thang  and  Tien  (1982)). 

From  the  now  classical  results  due  to  Ito  and  Nisio  (1968)  it  is  easy  to  deduce 
the  following. 

THEOREM  3.2.  Let  1  <p5  2.  The  following  are  equivalent: 

(a)  FeRp(£q,E)i 

(b)  F*:E*->-fcP  is  decomposable  in  the  sense  that  there  exists  an  2-valued, 
strongly  measurable  random  vector  (FM)  such  that 

<F*y*,M>=  <y*,FM>  a.s.,  y*  e  E*; 

(c)  The  series  £  F(ej)M^  converges  a.s.  in  E,  where  (e^)  is  the  standard 
basis  in  fq. 

The  above  equivalences  are  heuristically  better  understood  if  one  keeps  in  mind 
the  following  "identities": 


In  view  of  the  above  remarks  every  r-absolutely  summing  F,  1 <  r  <  p,  is  6p- 
radonifying,  but  there  are  p-absolutely  summing  F:£q->-£p  which  are  not  0p-radonifying 
since  is  not  of  stable  type  p.  The  corollary  below,  obtained  immediately  from 
Theorems  3.1  and  3.2,  reflects  this  fact  and  gives  an  analytic  description  of  0  - 


radonifying  operators  F  fro®  +  . 

COROLLARY  3.2.  [Rp(Zq,£p) ]T  « lVlogl(l?) 


4.  CONVERGENCE  OF  GENERAL  QUADRATIC  FORMS  IN  p-STABLE  RANDOM  VARIABLES 


Qn=  l  l  fikMA»  n=1*2 . 

11  k=l  j=I  J  K 


where  (M^),  j=l,2,...,  are  as  above  i.e.  i.i.d.  with  Eexp(itM^)  = exp(-|t|P) , 

0<p<2.  Denote  the  diagonal  and  off-diagonal  parts  of  respectively  by 

V  “d  «n".  I  ,VA  • 

k*l  k,j=l  J  J 

W 

The  diagonal  part,  being  a  series  of  independent  random  variables,  is  easy  to 
handle. 

THEOREM  4.1.  The  sequence  (D^)  converges  a. s.  as  n-+-°°  if  and  only  if 

V00  If  |P/2  <«, 

;k=l'rkkl  ‘ 

Proof.  Let  us  observe  that  ]>  <0°  ^  and  only  ^  l^jJ^2*00  * 

Kolmogorov's  three  series  theorem  gives  now  the  "only  if"  part  of  the  claim.  The 
proof  of  the  "if"  part  follows  directly  from  Proposition  5.2  because  for  p<2  and  f^/0. 

ifkkip/2-  o 

The  above  result  and  the  results  of  previous  sections  give  the  following. 

THEOREM  4.2.  The  sequence  of  quadratic  forms  (Q^)  converges  a.s.  as  n  if 
and  only  if 

l  lf„ip/2<« 


He  l  lfjk*fkjlPHl*  llog  j  |f1k  +  fk1  IP|J  <»  . 

k=2  j=l  JK  j=l 

Proof:  The  above  result  is  a  straightforward  corollary  to  Theorems  4.1,  2.2, 
and  3.1  and  to  the  fact  that  the  sequence  (Qn)  converges  a.s.  if  and  only  if  both 


4.2 


sequences  (Dn)  and  (Rr)  converge  a.s.  We  prove  the  only  if  part  of  this  latter 
assertion. 

Let  a,b  be  reals  with  aj*0,  and  set  e  =  sign(b/a)  .  Then  for  M  =  M1>  we  have 
P{  | aM2  +  bM |  >1}  =  P{  |a(eM) 2  +  b(eM)  |  >  1}  =  P{  |  |a|M2  +  |b|M|  >  1} 


(4.1) 


2  P{  |  |  a |  MZ  +  l b  j  M  |  >1,  M  >  0} 
=  P{  |  a |  M2  +  | b  |  M  >  1  ,  M>0} 


2P(M>  |a|"1/2}  =  j  P{|M|  >  |a|'1/2}  . 

Assume  that  (Q^  converges  a.s.  We  have  =  wVfkkMk)Mk uhere 

V,  =VV?(f.,  ♦  f ,  .lM.t  ka2,  V.  *0.  By  the  conditional  Borel-Cantelli  lemma  (cf. 
k  'j=lv  jk  k y  3*  *1 

Breiman  (1968),  p.  96),  the  a.s.  convergence  of  (Q^  implies  that 


Ip(ivkHk*fkkMki>1iMi . W 

k=l 


< 00  a.s . 


It  follows  by  (4.1)  that  \  P(|fkkMkl  >  1)  <co*  where  the  sum  extends  over  all  k  for 
which  f kk  /  0 ,  which  implies  that  lfkklP^2  »  in  view  of  the  tail  behavior  of  the 
M^'s.  Now,  by  Theorem  4.1,  Dn  converges  a.s.  and  by  the  assumption  Rn =  ^  -  Dn  con" 
verges  a.s.  as  well.  □ 

In  view  of  Theorem  5.1  below  and  of  Theorem  2.1,  we  have  the  following  corollary 
on  the  convergence  in  Lr,  r<p,  of  the  off-diagonal  part  of  the  quadratic  form. 

COROLLARY  4.1 .  If  0  <  r  <  p  and 
«  k-1  • 


i  <■  i  ifik*fkiip’r/p<' 

k-2  j«l 


then  the  sequence  Rn  ■  Ikj* j  f^M^  converges  in  Lr  and  a.s. 

Proof:  Here  is  a  direct  proof  which  does  not  use  Theorems  2.1  and  5.1.  By 
the  martingale  property  of  Rfl  we  have,  with  *  ^kj)^j*  *  2  2*  =  °» 


5S 


ElRn-Rm.llr  =  El  j  W1  5 C«>st  j  E|VfcM^| 
k*m  k=m 


n 


=  Const  l  E|Vk|rE|Mk|r 
k=m 


=  Const  l  (Y  |fik*fk1lP)r/P 
k=m  j=l  3  KJ 


which  proves  the  corollary. 


S.  AUXILIARY  RESULTS 


The  proof  of  Theorem  2.2  relies  on  the  following  technical  property  which, 

roughly  speaking,  justifies  the  change  of  the  order  of  sumnation  in  the  series 

f.-eJM.. 

L)  ‘k>j  jk  kJ  j 


PROPOSITION  S.l.  Let  E  be  a  complete  metric  linear  space ,  c  E,  n,j=l,2,.. 
and  (Yj)  a  sequence  of  non-zero  independent  syrmetric  real  random  variables.  If 

n 

S  *  l  x4  Y.-S 
n  j.i  J*  3 

in  probability  as  n-*-®  then  there  exists  a  sequence  (x^)  cE  such  that  for  each  j, 
Xjn  +  Xj  as  n-*-®>  and  the  series  £  x^Y^  converges  a.s.  to  S. 


Proof:  Let  ||*||  be  a  aonotonic  F-nora  on  E,  i.e.  ||ax||  £  ||x||  for  |a|  <1 
(which  always  exists  by  Rolewicz  (1972),  p.  16,  Theorem  1.2.2).  Fix  j£l  and  let 
a,b  >  0  be  such  that  P<  ( Y^  |  >  a}  >  b.  Let  t  >  0.  For  rin^j  we  set  c(r,n)  =  1  if 
||  a(Xjr  -  Xjn)  ||  >  e  and  c(p,n)  »0  otherwise.  Since  for  a  symmetric  pair  of  r. 
vectors  X,Y  in  E, 

P(  II X  ||  >  €)  S  2P(  ||  \  (X  ♦  Y)  ||  >  y) 

we  obtain 

b.c(r,*)lrt||rJ(xjr-*Jn)||>  e>  s  2P{  ||  y  J  Vk(  V  V  11  >  f1 
s  4P{  ||  J-  (Sr  -  Sn)  ||  >  |)  . 

It  then  follows  from  the  assuaption  that  c(r,n)-*-0  as  r,n-*<»,  i.e.  {x^l  as  a 

Cauchy  sequence  for  every  j,  and  by  the  completeness  of  E  there  exists  x^  e E  such 

that  x.  -*x,  as  n-*-«. 

jn  j 

Let  now  e  >  0  and  let  N  be  such  that 

MU  X  <sr-sn)||>f)*f 

for  every  r2n*N.  By  the  syraaetry  argument  used  above 


5.2 


MH  ^Vv  V11  2e)se  • 

Keeping  n  fixed  and  letting  r-*00  we  get 
P{ll  l  X.Y.  -s Jh  £>S£  . 

jsl  J  J  n 

Thus  in  probability  and,  since  the  Y's  are  independent,  also  a.s.  □ 

The  following  elementary  proposition  (cf.  Szulga  and  Woyczynski  (1983))  is 
used  in  the  proof  of  Theorem  3.1. 

PROPOSITION  5.2.  If  for  a  sequence  (W^)  of  real  random  variables 


(5.1) 

and 

Xkp(|wk|  >D  <«  , 

(5.2) 

^Elvd^l^i)^* 

then  X|Wk| 

<«  a.s. 

Proof:  Indeed,  let  Yk*WkI(|Nk|  si),  ^  =Wk-Yk.  Then  |wk|  =  | Yfc |  +  | ZR |  . 

X | Yk |  converges  a.s.  since  E(£|Yk|)  <°°  by  (5.2),  and  ^ I zn I  converges  a.s.  by  the 
Borel-Cantelli  lemma.  □ 

We  now  establish  a  more  precise  criterion  for  sunmability  of  stable  r.v.'s 
which  is  used  in  Section  4.  For  a  symmetric  p-stable  r.v.  X  the  quantity  cx  is 
defined  by  Eexp(itX)  ■  exp(-Cg|t|p)  and  satisfies 

||X||  -(E|X|r)1/r-Const(r,p)cJ/p  ,  0<r<p, 

Lr  * 

and  for  independent  symmetric  p-stable  r.v.'s  (Xk) , 

<s'3)  Xw'l  |a»|PcY 


o 


“  % 


5.3 


Definition  5,1.  The  r.v.  *8  (X^)  are  jointly  symmetric  p-8table  if  for  every 
sequence  (a^)  with  a  finite  number  of  nonzero  elements  the  r.v.  is  symmetric 

p-stable. 


THEOREM  5.1.  Let  (X^)  be  jointly  symmetric  p-stable  r.v.  's  with  0<p<  2  and 
let  r  >  0.  Then  a  necessary  and  sufficient  condition  for 


l  |Xk|r<®  a.s 
k=l  K 

is  that  for  some  0  <  s  <  p. 


E(  l  |X.  |r)s<»  when  0<rsi 
k=l  K 

and 

E(  l  |xjr)s/r<»  when  1  <  r  . 
k=l 


Proof:  Assume  X  ®  (Xj^  «  a.s.  and  define  +  by  $(u))  *  (X^Cw)^  *  X(u>) 
if  (X^Ca)))^  e  t  and  $(w)  =0  otherwise.  Then  $  induces  a  symmetric  p-stable  measure 
p  =  po$-1  on  £r.  For  x  =  (x^)  ^ e  4r  define  q(x)  =Ijll\|r  when  0<rsl  and 
q(x)  *  fljclxi;|r)1^r  wIien  r>1*  Then  q  is  a  measurable  seminorm  on  £r  (a  norm  when 
ril)  and  by  Theorem  3.2  in  de  Acosta  (1975)  we  have  for  0<s<p, 

E{q(X(a.))}S  =  JQqS(X(u>))dP(u>)  -  J^.qS(x)dy(x)  <°°  . 

The  converse  is  clear.  0 

When  l<r<p<2  we  can  take  s  *  r  and  the  necessary  and  sufficient  condition 
becomes 

l  E|X.|r<®  or  l  C;/p<«  . 
k»l  k»l  \ 


When  r  =  p.  Theorem  5.1  gives 
(5.4) 

This  necessary  and  sufficient  condition  simplifies  to 


QO  W  X 

I  |X.  iP<®  a.s.  if  and  only  if  E(  £  I*.  |P)S^lAp^  <®  for  some  0<s 
k*l  *  k=l  K 


(5.5) 


I  c  (1  ♦  (log  c  |)  <® 


k=l  Xk 


when  the  's  are  independent,  by  Schwartz's  theorem  (cf.  e.g.  Woyczynski  (1978), 
p.  277),  and  when  the  X^'s  are  of  the  form  ,  where  the  M_.'s  are  indepen¬ 

dent  (cf.  Corollary  3.1  and  (5.3)).  Since  every  sequence  of  jointly  symmetric  p- 
stable  r.v.'s  (X^)  is  of  the  form  X^  ■  jJf^(t)dM(t) ,  k=l,2,...,  where  M(t),  Ostsl, 
is  a  stable  motion  (i.e.  has  independent  stationary  symmetric  p-stable  increments) 
and  /olfk(t)lPdt<®,  k»l,2,...  (cf.  Kuelbs  (1973)),  we  conjecture  that  (5.5)  is 
always  a  necessary  and  sufficient  condition  for  (5.4). 


0 
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